This work is concerned with the passive realizability problem for a biquadratic impedance with double poles and zeros as a seven-element series-parallel RLC (damper-spring-inerter) network, which is a series or a parallel connection of two networks: a three-element series-parallel network and a four-element series-parallel network. First, a necessary and sufficient condition is obtained for the realizability of a biquadratic impedance with double poles and zeros as a series-parallel network containing no more than six elements (see Theorem 1). Then, the main theorem is presented (see Theorem 2), which is derived for three-reactiveelement, four-reactive-element, and five-reactive-element settings, respectively (see Lemmas 2-4). The results can be directly utilized to physically construct a passive mechanism containing dampers, springs, and inerters, which can be regarded as a passive controller for some mechanical control systems.
I. INTRODUCTION
During recent years, a practical control approach employing passive mechanical networks, which is called passive mechanical control, has been rapidly developed due to the invention of a new mechanical element named inerter [28] . The control systems employing passive mechanical networks can have lower cost and higher reliability compared with the active control approach in some practical cases, because the systems need no power and can avoid some serious problems of measurement errors and actuator failures. So far, passive mechanical networks containing the inerters have been applied to several mechanical control systems [6] , [10] , [11] , [14] , [26] , [29] , [32] - [34] , which can be regarded as a passive controller of the system (see [26, Fig. 2] ). The invention of inerters completes the analogy between passive mechanical and electrical networks: dampers, springs, and inerters are analogous to resistors, inductors, and capacitors, respectively [6] . As a consequence, the theory of passive network synthesis can be applied to physically design passive mechanical systems, which becomes much more systematic.
As an important branch of systems theory, synthesis of passive networks has experienced a rapid development from the 1930s to the 1970s [1] - [4] , [13] , [24] . The complexity of mechanical systems is preferred to be as low as possible due to the restriction of weight, space, and some other practical factors. The most classical RLC synthesis approach, the Bott-Duffin procedure [3] , can be economical regarding the number of elements for many given functions to be realized, such as biquadratic minimum functions [16] . However, the element redundancy of the RLC networks that is realized through the Bott-Duffin procedure can be further reduced in many other cases. The minimal RLC realization problem of positive-real functions is far from being solved, even for the case of biquadratic functions. A series of new results on this topic, [6] - [9] , [12] , [19] , [35] , [37] , have appeared during the past decade, which can be applied to mechanical control systems (see [35] ). Noticeably, an independent call for a renewed attempt in this field has been made by Kalman [20] , [21] .
The minimal RLC realization problem for biquadratic impedances has been a long-standing focal topic in passive network synthesis [22] , [27] , [35] . For a passive suspension system, the impedance of a mechanical network, which is in parallel with a spring as a suspension strut, can be in a biquadratic form (see [26] , [32] ), and the external electrical circuit of a mechatronic suspension strut can also have a biquadratic impedance (see [34] ). Moreover, the investigation on this topic has its own theoretical significance (see [20] ). By the Bott-Duffin procedure [3] and Pantell's approach [25] , any positive-real biquadratic impedance is realizable as an RLC network containing no more than eight elements. Recently, in [19] , a new concept named regularity was defined and applied to the realizability problem of biquadratic impedances as five-element networks. In [15] - [18] , realization problems of biquadratic minimum functions as RLC networks are investigated. Here Dual(·) denotes the network duality of a one-terminal-pair labeled graph, which can be referred to [36, Sec . III] for details. The present work continues the pursuit to investigate the minimal realizability problem of a specific biquadratic impedance with double poles and zeros as a class of seven-element seriesparallel networks. The biquadratic impedances with double poles and zeros can provide fast transitions, which are expected to have advantages in some mechanical control systems. The realizability of such a class of impedances has been investigated [5] , [31] , but its minimal realizability problem is far from being solved. Due to the simpler form, the realizability conditions of this class of biquadratic impedances are always neater than those of general positive-real biquadratic impedances, where the realizability conditions of such biquadratic impedances are always in terms of values of p/z (see Fig. 6 ). The realizability results and methodology can provide guidance on synthesis of general biquadratic impedances. Therefore, the investigation on realizability problems of such a biquadratic impedance can be a first critical step toward solving many classical unsolved problems of biquadratic synthesis, such as the least number of elements (seven or eight) needed to realize any positive-real biquadratic impedance. The main results are presented in Theorem 2, where the configurations are shown as in Figs. 1 and 3-5.
II. PROBLEM FORMULATION
We consider a biquadratic impedance with double poles and zeros in the form of
where k, z, p > 0. By a result in [30, pg. 2 √ 2), 3 + 2 √ 2]. If p = z, then Z(s) is a constant, which is realizable as one resistor. Therefore, it is further assumed that p = z.
It is clear that (1) can be expressed in the form of
where A = kx, B = 2kzx, C = kz 2 x, D = x, E = 2px, and F = p 2 x for x > 0. As a consequence, Theorem 1 can be derived from the results in [19] , and the realizability results of such an impedance as a k-element series-parallel network for k = 1, 2, . . . , 5 can be referred to [36, Sec. IV]. Theorem 1: A biquadratic impedance Z(s) in the form of (1), where k, z, p > 0 and p = z, is realizable as a six-element seriesparallel network if and only if one of the four conditions holds:
; 3) p = (2 + √ 5)z or p = z/(2 + √ 5); and 4) p = (5 + √ 17)z/2 or p = 2z/(5 + √ 17). 
Lemma 1 ([31]):
We consider a biquadratic impedance Z(s) in the form of (1) where k, z, p > 0, p = z, assuming that the condition of Theorem 1 does not hold.
, then Z(s) is realizable as one of the four-reactive seven-element series-parallel configurations in Fig. 1 .
The two configurations in Fig. 1 belong to a class of sevenelement series-parallel networks, any one of which is the series or parallel connection of two networks: a three-element seriesparallel network N 1 and a four-element series-parallel network N 2 (see Fig. 2 ). For brevity, the set of all such biquadratic impedances in the form of (1) with k, z, p > 0, p = z, not satisfying the condition of Theorem 1, is denoted as Z p2,z 2 . Any biquadratic impedance Z(s) belonging to this set is denoted as Z(s) ∈ Z p2,z 2 . In this work, the objective is to derive a necessary and sufficient condition for any biquadratic impedance Z(s) ∈ Z p2,z 2 to be realizable as such a network.
III. MAIN RESULTS
First, the main theorem of this work is presented as follows. Theorem 2: A biquadratic impedance Z(s) ∈ Z p2,z 2 is realizable as a seven-element series-parallel network as shown in Fig. 2 , where N 1 is a three-element series-parallel network and N 2 is a four-element series-parallel network, if and only if one of the following conditions holds: It can be estimated that η 1 ≈ 5.3343, 1/η 2 ≈ 5.7143, and 1/η 3 ≈ 5.3937. It is clear that the conditions of Theorem 2 completely include the condition of Theorem 1. When p > z, the conditions of Theorem 2 are illustrated in a number line as shown in Fig. 6 , which can cover a large range of the positivereal condition. Fig. 4 (resp. Fig. 5 ).
Moreover, Z(s) is realizable as one of the configurations in
Proof: See Appendix C for details.
D. Proof of Theorem 2
On the basis of Lin's results [23] , any two-reactive-element series-parallel network realizing a biquadratic impedance is equivalent to a two-reactive five-element series-parallel network. Therefore, under the assumption that the condition of Theorem 1 does not hold, the number of reactive elements for seven-element realizations is at least three. When the number of reactive elements is six, there is only one resistor, which implies Z(0) = Z(∞), contradicting the assumption that p = z. Therefore, the possible number of reactive elements for realizations can only be three, four, or five.
When the number of reactive elements is three, by Lemma 2, Z(s) ∈ Z p2,z 2 cannot be realized as such a network.
When the number of reactive elements is four, by Lemma 3, Z(s) ∈ Z p2,z 2 is realizable as such a network, if and only if Condition 1 of this theorem holds, where the realizability configurations are shown as in Figs. 1 and 3 .
When the number of reactive elements is five, by Lemma 4, Z(s) ∈ Z p2,z 2 is realizable as such a network, if and only if Conditions 2 and 3 of this theorem are satisfied, where the realizability configurations are as in Figs. 4 and 5 .
The combination of the above observations proves the theorem.
IV. REMARKS

Remark 1:
This work extends the realizability problem of biquadratic impedances from six-element series-parallel networks to seven-element series-parallel cases, and the realizability conditions in Theorem 2 are expanded to a larger range compared the conditions in Theorem 1 (see Fig. 6 ). Since the realizability problems of other classes of seven-element seriesparallel networks cannot be completely solved without using additional approaches, further investigations are needed.
Remark 2: Recently, Hughes and Smith [16] , [17] have investigated the minimal realization problems of a biquadratic minimum function, which is another specific class of biquadratic functions. Any biquadratic impedance in the form of (1) is a minimum function if and only if p = z/(3 + 2 √ 2) or p = (3 + 2 √ 2)z, which is not included in Theorem 2. Therefore, there is no research overlap between this work and [16] and [17] . Moreover, the realizability problem of a positive-real function with p inductors, q capacitors, and a finite number of resistors has been investigated in [15] . In this work, the total number of elements is restricted instead of the number of reactive elements. Therefore, the realizability results in this work and those in [15] are different.
V. CONCLUSION
This work has investigated the realizability problem of a biquadratic impedance with double poles and zeros as a sevenelement series-parallel network, which is the series or parallel connection of two networks: a three-element series-parallel network and a four-element series-parallel network. Following the results in the existing literature, a necessary and sufficient condition was obtained for the realizability of a biquadratic impedance with double poles and zeros as a series-parallel network containing no more than six elements (see Theorem 1) . Then, the main result was presented (see Theorem 2) in a neat form, which was derived for the realizability in the three-reactiveelement, four-reactive-element, and five-reactive-element settings, respectively (see . Finally, the realizability results of this work have been applied to the controller design for a vehicle suspension system.
APPENDIX A PROOF OF LEMMA 2
In this proof, we will show that Z(s) ∈ Z p 2 ,z 2 cannot be realized as in Fig. 7, where N b is a two-reactive five-element series-parallel network. By [36, Lemma VI.1] , this can imply that Z(s) ∈ Z p 2 ,z 2 cannot be realized as a three-reactive seven-element series-parallel network in Fig. 2(a) , where N 1 is a three-element series-parallel network and N 2 is a four-element series-parallel network. Since any series-parallel network in Fig. 2(b) can be a dual network as in the case of Fig. 2(a) , by the principle of duality [36, Sec. III], the proof can be completed.
Assume that Z(s) is realizable as in Fig. 7(a) , where N b is a tworeactive five-element series-parallel network. Let Z(s) = Z a (s) + Z b (s), where Z a (s) is the impedance of the parallel connection of R 1 and C 1 and Z b (s) is the impedance of N b .
It is clear that Z a (s) can be written in the form of Z a (s) = m/(s + p), where m > 0. Since the condition of Theorem 1 does not hold, N b cannot be equivalent to a network containing fewer than five elements. Therefore, the degree [1, Sec. IV] of Z b (s) cannot be fewer than 2 and it can be expressed in the form of Z b (s) = (αs 2 + βs + γ)/(s + p) 2 , where α, β, γ > 0, and the condition of [36, Lemma V.3] holds. Since 
Since β, γ > 0, it follows from (3) that 
If z < p ≤ 3z, then it is obvious that the condition of Theorem 1 holds. If p > 3z or p < z, then it follows from (5) that α < mp/((p − z)(p − 3z)). Together with (4), one obtains mp This means that Z(s) cannot be realized as in Fig. 7(a) , where N b is a two-reactive five-element series-parallel network. It is clear that any network in Fig. 7(b) can be a frequency inverse network of another one in Fig. 7(a) . Therefore, by the principle of frequency inverse [36, Sec. III], Z(s) cannot be realized as in Fig. 7(b) , where N b is a tworeactive five-element series-parallel network.
APPENDIX B PROOF OF LEMMA 3
Since any network in Fig. 2(a) can be the dual network of another one in Fig. 2(a) , based on the principle of duality [36, Sec. III], it is only needed to discuss the case of Fig. 2(a) .
By [35, Lemma 2] , Z(s) ∈ Z p 2 ,z 2 cannot be realized as a series connection of two networks, one of which contains only reactive elements. Therefore, N 1 in Fig. 2(a) can only contain one or two reactive elements.
When N 1 is a two-reactive three-element network and N 2 is a tworeactive four-element network, by [36, Lemma VIII.1] , N 1 is one of the four configurations in Fig. 8 . By [36, Lemmas VIII.2 and VIII.3] , if Z(s) ∈ Z p 2 ,z 2 is realizable as such a network, then the condition of Lemma 1 is satisfied, which implies that Condition 1 of Theorem 2 holds.
When N 1 is a one-reactive three-element network and N 2 is a threereactive four-element network, by [36, Lemma VIII.4] , N 1 can be equivalent to one of the configurations in Fig. 9 and N 2 can be equivalent to one of the configurations in Fig. 10 . By [36, Lemmas VIII.5-VIII.8], the possible network realizations are configurations whose one-terminal-pair labeled graphs are N 3 a [see Fig. 3 (a)] and Inv(N 3 a ), where Inv(·) denotes the inversion of a one-terminal-pair labeled graph, which can be referred to [36, Sec. III] for details. The realizability condition of Z(s) ∈ Z p 2 ,z 2 as a configuration whose one-terminal-pair labeled graph is N 3 a [see Fig. 3(a) ] is presented in [36, Lemma VIII.7] . Based on the principle of duality and the principle of frequency inverse [36, Sec. III], the realizability condition of Z(s) ∈ Z p 2 ,z 2 as a configuration whose one-terminal-pair labeled graph is Inv(N 3 a ) is the same as that of Dual(N 3 a ) [see Fig. 3(b) ], which can be derived from [36, Lemma VIII.7] by p ↔ p −1 and z ↔ z −1 (or p ↔ z). Here p ↔ p −1 denotes the interchange of p and p −1 , z ↔ z −1 denotes the interchange of z and z −1 , and p ↔ z denotes the interchange of p and z. The combination of the condition of Lemma 1 and the realizability conditions of Z(s) ∈ Z p 2 ,z 2 as configurations in Fig. 3 proves Condition 1 of Theorem 2.
APPENDIX C PROOF OF LEMMA 4
Since any network in Fig. 2(b) can be the dual network of another one in Fig. 2(a) , based on the principle of duality [36, Sec. III], it is only needed to discuss the case of Fig. 2(a) .
By [36, Lemma IX.1] , N 1 is one of the configurations in Fig. 8(b)-8(d) and N 2 can be equivalent to one of the configurations in Fig. 10 .
First, one will discuss the case where N 1 is a configuration in Fig. 8(b) . Under the assumption that the condition of Lemma 3 does not hold, by [36, Lemma IX.2] , N 2 cannot be any of the configurations in Fig. 10(a)-10(d) , 10(f), and 10(h). When N 2 is a configuration in Fig. 10(e) , a necessary and sufficient condition for the realizability of Z(s) ∈ Z p 2 ,z 2 as such a network is presented in [36, Lemmas IX.3] , which corresponds to the configuration in Fig. 4 (a) whose one-terminal-pair labeled graph is N 4 a . When N 2 is a configuration in Fig. 10(g) , the one-terminal-pair labeled graph of the realizability configuration is Inv (N 4 a ) . Based on the principle of duality and the principle of frequency inverse [36, Sec. III], the realizability condition of Z(s) ∈ Z p 2 ,z 2 as the configuration whose one-terminal-pair labeled graph is Inv (N 4 a ) is the same as those of Dual(N 4 a ) = N 4 b [see Fig. 4(b) ], which can be derived from the condition of [36, Lemmas IX.3] by p ↔ p −1 and z ↔ z −1 (or p ↔ z) . The combination of the realizability conditions for configurations in Fig. 4 proves Condition 2 of Lemma 4.
Then, it turns to the case where N 1 is a configuration in Fig. 8(c) . By [35] , Z(s) ∈ Z p 2 ,z 2 cannot be realized as a network whose network graph contains a path P(a, a ) corresponding to only one kind of reactive elements, which implies that N 2 cannot be any of the configurations in Fig. 10 (b)-10(d), 10(g), and 10(h). Under the assumption that the condition of Lemma 3 does not hold, by [36, Lemma IX.4] , N 2 cannot be any of the configurations in Fig. 10 (a) and 10(f). When N 2 is the configuration in Fig. 10(e) , a necessary and sufficient condition for the realizability of Z(s) ∈ Z p 2 ,z 2 as such a network is presented in [36, Lemma IX.5] , which corresponds to the configuration in Fig. 5 (a) whose one-terminal-pair labeled graph is N 5 a . Based on the principle of duality [36, Sec. III], the realizability condition of Z(s) ∈ Z p 2 ,z 2 as a configuration whose one-terminal-pair labeled graph is Dual(N 5 a ) = N 5 b can be derived by p ↔ z. The combination of the realizability conditions for configurations in Fig. 5 proves Condition 3 of Lemma 4.
It is clear that any network in Fig. 2(a) with N 1 being a configuration in Fig. 8(d) can be the frequency inverse network of another one in Fig. 2(a) with N 1 being a configuration in Fig. 8(c) . Based on the principle of frequency inverse [36, Sec. III], Condition 3 of Lemma 4 is satisfied.
